




















Relation between quantum tunneling times for bosons
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We obtain a relation between (extrapolated) phase times and dwell time in the context of rela-
tivistic quantum tunneling of scalar and vector bosons, thus generalizing a relation recently obtained
by Winful et al. using the Schro¨dinger and Dirac equations. We discuss the drawbacks involved
in the attempting of obtaining such a relation within Klein-Gordon and Proca formalisms, and
demonstrate that the alternative theory of Duffin-Kemmer-Petiau furnishes a suitable framework to
obtain such a generalization.
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I. INTRODUCTION
One of the oldest, and still controversial, problems in
quantum mechanics is to find an unambiguous definition
of the time scale characterizing the tunneling of a par-
ticle (or a wavepacket) through a potential barrier (the
difficulties are related to the fact that in quantum me-
chanics time is considered as a parameter rather than
as an observable [1]). From the several tunneling times
which have been proposed (see, e.g., [2, 3]) the phase
time, or group delay time, and the dwell time emerge as
the most accepted ones [2].
These two definitions of time describe different aspects
of the tunneling process. While the phase time is a mea-
sure of the time it takes for the peak of wave packet to
tunnel through the potential, the dwell time is a mea-
sure of the time spent by the particle on the potential
region. Despite of this, Winful [4] (see also [2, 5]) pro-
vided an elegant general proof, based on the properties
of the Schro¨dinger equation, that these two times are re-
lated by







where k (E) is the wavelength (energy) of the particle, τd
is the dwell time, R is the reflection coefficient and τp is
the phase time averaged over the reflected and transmit-
ted channels (see below). The last term on the r.h.s. of
the above equation is due to the interference between the
incident and reflected waves to the left of the potential.
The importance of the above expression is, as observed
by Winful [4], that it unifies two of the most important
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definitions of time associated with quantum tunneling (in
a previous work Winful showed that an analogous rela-
tion holds also in the context of the tunneling of classi-
cal electromagnetic waves [6]). Therefore, it is natural
to ask if this relation generalizes to relativistic quantum
mechanics (specially in the light of the recent interest on
relativistic quantum tunneling - see [7, 8], and references
there cited). In fact, Winful et al. [7] considered such a
relativistic generalization by obtaining the equivalent of
(1) for spin 1/2 particles, that is, using Dirac’s equation.
One may then ask: Is this a universally valid relation? If
so, it should also generalize for bosons. In order to ana-
lyze this question, a natural approach would be to start
from Klein-Gordon (KG) equation to obtain the corre-
sponding relation for scalar particles. However, follow-
ing these lines one would fall into serious difficulties, the
main one being the fact that it is not even clear if we can
assign a sound physical interpretation to concepts such
as dwell time in this context. In fact, such interpretation
depends on a consistent definition of a probability den-
sity, which is well known to be impossible in this case due
to the the appearance of a second order time derivative
in the KG equation[20]. One would find similar difficul-
ties if starting from Proca equations to obtain the above
mentioned generalization for vector bosons.
Therefore, it seems that, in order to consistently an-
alyze the tunneling problem for bosons in the context
of relativistic quantum mechanics, we must look for an
alternative to the KG and Proca theories. Such an alter-
native was proposed by Duffin, Kemmer, and Petiau [9],
which constructed a first-order equation, similar to the
Dirac one, to describe both spin 0 and spin 1 particles.
The Duffin-Kemmer-Petiau (DKP) theory has recently
been the subject of a renewed interest in the contexts
of quantum field theory and curved space-times, where
several of its applications have been considered. Beside
that, the issue of its equivalence (or not) to the KG and
Proca theories has been investigated in depth, and it was
demonstrated that DKP theory can be nonequivalent to
KG/Proca in some situations involving interactions (see,
2e.g, [10, 11] and references there cited). However, one of
the main differences (and advantages) of DKP theory has
been largely overlooked (see, however, [12, 13]), namely
the fact that DKP theory allows a consistent definition of
a probability density, thus providing a well defined single-
particle relativistic quantum mechanics of bosons (spins
0 and 1), which is not possible within the frameworks of
KG and Proca theories, as it is well know. In this report
we will demonstrate that all the concepts involved in the
relativistic generalization of (1) are well defined within
the DKP theory, therefore allowing its generalization for
bosons.
In Section II we introduce some basics of DKP theory,
as needed for our purposes (for more in depth treatments
we refer to the literature. See, e.g., [10, 11] and references
there cited). In addition, we introduce the definition of
the four-vector probability current density and discuss
the particularities of introducing interactions in the DKP
theory. Next, in Section III, we restrict ourselves to the
one dimensional case and show that the usual definition
of dwell time can be extended for the treatment of bosons
in the context of DKP theory. After that we proceed
to derive the generalization of (1) for scalar and vector
bosons. Our final comments are presented in Section V.
Throughout this work gµν is the metric of Minkowski
space-time with signature (+ − −−). We use natural
units (~ = c = 1) during the calculations.
II. DKP THEORY
The free DKP equation is a first-order equation in the
space-time derivatives, and is formally identical to the
Dirac equation [9]:
(iβµ∂µ −m)ψ = 0 . (2)
However, the algebra obeyed by the matrices βµ is
βµβνβρ + βρβνβµ = βµgνρ + βρgνµ . (3)
It was shown that there are only two non-trivial repre-
sentations of the matrices βµ [14]: one 5× 5 and another
10 × 10 corresponding, respectively, to spin 0 and spin
1 particles. We choose a representation in which β0 is
hermitian and βj anti-hermitian.
The equation (2) can easily be written in a
Schro¨dinger-like form [10]:
i∂tψ = H0ψ , (4)





Sµν ≡ [βµ, βν ] . (6)
Now, the procedure to obtain the conserved current
density is standard [15]. Multiplying (4) from the left by
ψ† and subtracting from it the hermitian conjugate of (4)
multiplied from the right by ψ, we obtain the continuity-















as our probability current. Now, introducing
ηµν ≡ (βµβν + βνβµ)− gµν ; ψ ≡ ψ†η00 , (8)
and noticing that (η00)2 = 1 [21], after some simple al-
gebra, we can put equation (7) in a covariant form
∂µj
µ = 0 , (9)









where uν is the observer’s four-velocity, and the factor
1/m is necessary to give the correct dimensions to jµ.
In the observer’s (laboratory) reference frame the





, and it is clear
that its time component, j0 = ψ†ψ, satisfies the require-
ment of being non negative, such that jµ can be inter-
preted in the usual way as a conserved probability current
density, with its temporal component being the probabil-
ity density. This is in marked contrast with the KG (and
Proca) theory, where no such construction seems to be
possible [15].
We can introduce interaction with an electromagnetic
field through the minimal coupling procedure. Starting
directly from the Schro¨dinger-like equation (4) and mak-
ing the usual substitution ∂µ → Dµ = ∂µ − ieAµ, we
obtain the following interacting Hamiltonian
H = iSj0Dj − eA0 +mβ0 . (11)
Here it is worth to mention that, due to the algebra of
the matrices βµ, this procedure is not unique. Had we
performed the minimal substitution in (2) the Hamilto-
nian we would obtain would be related to the above by
H ′ = H + θ, where θ = i e2mFαµ(β
µβ0βα + βµg0α) is
called an anomalous term. However, it was shown in
[10, 16] that such term has no physical meaning and it is
in fact zero when we work with the physical components
of the DKP field, that is, when we project the spin 0
and spin 1 sectors of the theory from general representa-
tions of the βµ matrices [14]. Therefore, we will use (11)
as our Hamiltonian with ψ understood as the physical
DKP field.
III. RELATION BETWEEN τd AND τp FOR
BOSONS
From now on we will restrict ourselves to the one di-
mensional tunneling problem. In the laboratory sys-
tem, the DKP Hamiltonian in the presence of a time-
independent potential V (z), introduced as the temporal
3component of the four vector potential, can be written
as
H = iS30∂z − V (z) +mβ0 , (12)
where we absorbed e into the definition of V (z), which by
its turn is assumed to be a smooth function that vanishes
outside the interval 0 < z < a. The stationary one-
dimensional scattering problem is then described by the
time-independent equation
(
iS30∂z − V (z) +mβ0
)
ψ = Eψ , (13)









III (z) = Tu(k)e
ik(z−a) , (15)
where, u(k) is a five (ten) component vector column, cor-
responding to the scalar (vector) solution. Here k =√
E2 −m2 and the subscripts I and III refer, respec-
tively, to the regions z < 0 and z > a. In (14), the
first term corresponds to the incident wave and the sec-
ond term stands for the wave reflected at the potential,
while in the region III the solution corresponds to the
transmitted wavefunction. In the above expressions the
coefficients of reflection, R(E), and transmission, T (E),
are complex functions of the energy and can be written
as
R(E) = |R|eiϕr ; T (E) = |T |eiϕt , (16)
where ϕr and ϕt are the reflection and transmission
phases, respectively.
Let us now define the time scales characterizing the
tunneling process. The (extrapolated) transmitted and









respectively, and τp is defined as
τp ≡ |R|2τrp + |T |2τ tp . (18)
Here we once again notice the relevance of using the DKP
theory to address the boson tunneling problem. While it
is possible to formally define the relations (16)-(18) in
the KG/Proca theories, the probabilistic interpretation
of (18) would not be possible in such cases. In the DKP
theory, however, τp has the usual interpretation as the
phase time averaged over the transmitted and reflected
channels.
The dwell time is defined as the time spent by the par-
ticle in the region of the potential [17, 18], that is, the
probability of finding the particle in 0 ≤ z ≤ a divided by
the incident flux of particles. Again, while it is not possi-
ble to define the dwell time in the KG and Proca theories,




















where we used η00η03 = S03.
The probability of finding the particle in the region
of potential can be written in terms of the reflected
and transmitted wavefunction by following the same ap-
proach used in references [4, 7, 17]: we consider the E-
derivative of (13) multiplied from the left by ψ† and sub-
tract from it the Hermitian conjugate of (13) multiplied
from the right by ∂ψ
∂E

























Then, dividing the above equation bymjin and using the
requirement of continuity of the wavefunction, we obtain
the following relation
τd = τp + τsi , (22)
where the self-interference delay τsi is given by






[|T |2 − 1]+
−u(−k)†S30 ∂u(−k)
∂E








In the above result we have used (14) and (15) and defi-
nitions (17)-(19) for the dwell and phase times.
The relation (22), with the self-interference delay given
in (23), holds for both spin 0 and spin 1 sectors of DKP
theory and, therefore, provides the generalization of rela-
tion (1) to relativistic scalar and vector bosons. Now, it
is easy to obtain the explicit form of the self-interference
delay for the scalar and vector sectors. We must merely
to express the matrix S30 and the vector column u(k)
in a specific 5 × 5 and 10 × 10 representation of DKP
algebra, respectively (for the explicit form of the repre-
sentation used here see [10] and [19]). Then, after some
tedious but straigthforward manipulations, we obtain the






4where we have restored the factors of ~ and c. Equations
(22) and (24) are the desired relativistic generalization of
(1) for the case of scalar and vector bosons. It is straight-
forward to see that (24) reduces to the corresponding
term in (1) in the nonrelativistic limit E → mc2.
The relevance of the above relation between tunneling
times is that it relates time scales describing different
aspects of the scattering process, namely that the dwell
time is a local concept, while the phase times that ap-
pear in (1) and (22) are extrapolated from asymptotic
phase times [2]. In addition, such a relation provides
a different (and easier) way to calculate the dwell time
[4, 7]. Besides, and more important, the inexistence of a
self-interference delay has been argued as a criterion for
a sensible definition of tunneling times in the literature
(see [2] and references there cited). The flaw in the rea-
soning leading to this criterion was noticed in [3], but it
was Winful [4] who first gave a clear demonstration that
(22) follows from the Schro¨dinger equation. Later the re-
sult was generalized for Dirac’s fermions [7]. Therefore,
our result adds a contribution to the above mentioned
works in corroborating that (22) is a general requirement
of quantum mechanics, both nonrelativistic and relativis-
tic, be it for fermions or bosons.
IV. CONCLUSION
We have obtained the relativistic generalization of the
relation (1) between dwell and phase (or group) times
for the case of scalar and vector bosons. As observed
above, when considered together with references [4, 7]
this result corroborates the view that such a relation must
be a general requirement of quantum mechanics.
It is important to notice that such a result is not to
be expected within the more usual approaches for spin 0
and spin 1 particles, namely from KG and Proca theo-
ries. In fact, concepts which depend on the existence of
a probabilistic interpretation associated with the wave-
function, such as dwell time, are meaningless in the con-
text of those theories. In this work the use of DKP the-
ory was essential in obtaining eqs. (22)-(24), since, as
we have demonstrated, in this context all the concepts
involved are well defined. This result can also be viewed
as another illustration of the fact that DKP theory pro-
vides a sound one-particle relativistic quantum mechan-
ics of bosons (see also [12, 13]), in contradistinction to
the usual approaches based on KG and Proca equations.
Studies concerning the generalization of (1) to the cases
of massless scalar and vector particles (which include the
photon) within DKP approach will appear elsewhere.
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